Stable range and almost stable range  by Anderson, D.D. & Juett, J.R.
Journal of Pure and Applied Algebra 216 (2012) 2094–2097
Contents lists available at SciVerse ScienceDirect
Journal of Pure and Applied Algebra
journal homepage: www.elsevier.com/locate/jpaa
Stable range and almost stable range
D.D. Anderson ∗, J.R. Juett
Department of Mathematics, The University of Iowa, Iowa City, IA 52242, United States
a r t i c l e i n f o
Article history:
Received 14 December 2011
Received in revised form 10 January 2012
Available online 22 February 2012
Communicated by A.V. Geramita
MSC: 19B10
a b s t r a c t
We study some topics dealing with stable range and almost stable range. We give a simple
proof of Bass’ Stable Range Theorem.
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Throughout, all rings are commutative with 1 ≠ 0. In this paper we study some topics dealing with stable range and
almost stable range. We generalize several results for rings of stable range 1 to rings having stable range n or almost stable
range n. We also give a simple proof of Bass’ Stable Range Theorem.
The stable range of a ring R is the infimum sr(R) of the positive integers n such that (a1, . . . , an+1) = R implies that there
are b1, . . . , bn ∈ Rwith (a1+ an+1b1, . . . , an+ an+1bn) = R. It can be shown that this condition holds for n+1 if it holds for
n, and it can also be shown that direct products (resp., homomorphic images) of rings with stable range n have stable range
(at most) n. The definition in the special case of stable range 1 is worth stating separately: a ring R has stable range 1 if and
only if (a, b) = R implies that there is an x ∈ Rwith a+ bx a unit. We say a ring almost has stable range n if each of its proper
homomorphic images has stable range at most n. Note that a ring with stable range at most n almost has stable range n by
the above remarks about homomorphic images.
By [2, Corollary 1.1.14], a ring R has stable range 1 if and only if for each (resp., some) ideal I the rings R/I and R/ann(I)
have stable range 1. Thus the notions of having stable range 1 and almost having stable range 1 coincide for rings with zero
divisors. We will take a moment to generalize these results to greater stable ranges.
Lemma 1. Let T be a ring, I be an ideal of T , and R be a subring of T that contains I. If sr(R/I) ≥ sr(T ), then sr(R) = sr(R/I).
Proof. (We note that this is already proven in the case n = 1 in [2, Lemma 1.1.12]. We generalize the proof.) The case where
sr(R/I) = ∞ is trivial, so we assume sr(T ) ≤ sr(R/I) = n < ∞. Since stable range is never increased when passing to a
homomorphic image, it will suffice to show sr(R) ≤ n. Assume (a1, . . . , an+1) = R. Since sr(R/I) = n, there are b1, . . . , bn ∈
R and c ∈ I with (a1+b1an+1, . . . , an+bnan+1, c) = R. We have (a1+b1an+1, . . . , an+bnan+1, an+1) = (a1, . . . , an+1) = R,
so (a1 + b1an+1, . . . , an + bnan+1, an+1c) = R. Since sr(T ) ≤ n, there are t1, . . . , tn ∈ T with (a1 + (b1 + ct1)an+1, . . . , an +
(bn + ctn)an+1)T = T , and multiplying by I yields (a1 + (b1 + ct1)an+1, . . . , an + (bn + ctn)an+1)I = I . Since I is an ideal
of T contained in R, we have each bi + cti ∈ R, and we note that (a1 + (b1 + ct1)an+1, . . . , an + (bn + ctn)an+1)R/I =
(a1 + b1an+1, . . . , an + bnan+1)R/I = R/I. Thus (a1 + (b1 + ct1)an+1, . . . , an + (bn + ctn)an+1)R = R, as required. 
Special cases of the following result are proven in [2, Theorems 1.1.13,12.3.5].
Corollary 2. Let R be a subdirect product of R1, . . . , Rn. Then sr(R) = maxk sr(Rk) = sr(nk=1 Rk).
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Proof. (The case where each sr(Rk) = 1 is proven in [2, Theorem 1.1.13]. We adapt the proof.) By induction we reduce to
proving the case n = 2. Let T = R/ kerφ1×R/ kerφ2, where each φi : R→ Ri is an epimorphism and kerφ1 ∩ kerφ2 = (0).
Without loss of generality, say sr(R/ kerφ1) ≥ sr(R/ kerφ2), so that sr(T ) = sr(R/ kerφ1). Consider the monomorphism
f : R → T : x → (x + kerφ1, x + kerφ2). Then f (R) is a subring of T containing the ideal f (kerφ1) of T , and
sr(T ) = sr(R/ kerφ1) = sr(f (R)/f (kerφ1)). Applying Lemma 1 gives sr(R) = sr(f (R)) = sr(T ) = sr(R1 × R2). 
Theorem 3. Let R be a ring and I be an ideal of R. Then
sr(R) = max{sr(R/I), sr(R/ann(I))}.
In particular, the ring R has stable range at most n if and only if R/I and R/ann(I) do. Thus the notions of having stable range at
most n and almost having stable range n coincide for rings with zero divisors.
Proof. As in the proof of [2, Corollary 1.1.14] (which shows the special case that R has stable range 1 if and only if R/I and
R/ann(I) do), the ring R/(I ∩ ann(I)) is isomorphic to a subdirect product of R/I and R/ann(I), and hence has stable range
max{sr(R/I), sr(R/ann(I))}byCorollary 2. But I∩ann(I) is contained in the Jacobson radical ofR, so sr(R) = sr(R/(I∩ann(I)))
by Proposition 6 below, and the proof is complete. 
In [6, Proposition 3.2, Theorem 3.6] it is shown that stable range 1 ⇒ almost stable range 1 ⇒ stable range 2. We
generalize this with the following proposition.
Proposition 4. The following are equivalent for a ring R.
(1) The ring R almost has stable range n.
(2) For every a1, . . . , an+2 ∈ R with a1 ≠ 0 and (a1, . . . , an+2) = R, there are b2, . . . , bn+1 ∈ R with (a1, a2 +
b2an+2, . . . , an+1 + bn+1an+2) = R.
(3) For every a1, . . . , an+2 ∈ R with a1 ≠ 0 and (a2, . . . , an+2) = R, there are b2, . . . , bn+1 ∈ R with (a1, a2 +
b2an+2, . . . , an+1 + bn+1an+2) = R.
(4) For each nonzero nonunit a, we have sr(R/(a)) ≤ n.
Thus sr(R) ≤ n⇒ R almost has stable range n⇒ sr(R) ≤ n+ 1.
Proof. (We generalize the proof of [7, Proposition 11].) Since (1) ⇒ (4) ⇒ (2) ⇒ (3) is clear, we only need to prove
(3) ⇒ (1). Assume (3) and let I be any nonzero proper ideal of R. Abbreviate R¯ = R/I and x¯ = x + I for x ∈ R. Take
any a1, . . . , an+1 ∈ R with (a¯1, . . . , a¯n+1) = R¯. Then there are r1, . . . , rn+1 ∈ R with 1 − n+1i=1 airi ∈ I , and hence
a¯n+1 r¯n+1 = 1¯ −ni=1 a¯i r¯i. Pick some nonzero z ∈ I . By (3) and the fact that (a1, . . . , an, 1 −ni=1 airi) = R, we have
(z, a1+ b1(1−ni=1 airi), . . . , an+ bn(1−ni=1 airi)) = R for some b1, . . . , bn ∈ R. Thus R¯ = (a¯1+ (b¯1 r¯n+1)a¯n+1, . . . , a¯n+
(b¯n r¯n+1)a¯n+1), as desired. 
So a ring R almost has stable range 1 if and only if a ≠ 0 and (a, b, c) = R implies that there is an x ∈ Rwith (a, b+cx) = R.
Corollary 5. The following are equivalent for a ring R.
(1) sr(R) ≤ n.
(2) For every a1, . . . , an+2 ∈ R with (a1, . . . , an+2) = R, there are b2, . . . , bn+1 ∈ R with (a1, a2 + b2an+2, . . . , an+1 +
bn+1an+2) = R.
(3) For every a1, . . . , an+2 ∈ R with (a2, . . . , an+2) = R, there are b2, . . . , bn+1 ∈ R with (a1, a2 + b2an+2, . . . , an+1 +
bn+1an+2) = R.
Proof. (1)⇒ (2): Since the case a1 = 0 is clear, this follows from ‘‘(1)⇒ (2)’’ of Proposition 4. (2)⇒ (3): Clear. (3)⇒ (1):
Use a1 = 0. 
Proposition 6. Let R be a ring and I be an ideal contained in its Jacobson radical. Then sr(R) = sr(R/I).
Proof. Follows easily from the equivalence J = R⇔ J+ I = R, where J is an ideal of R. We leave the details to the reader. 
We will denote the Jacobson radical of a ring R by J(R). While any homomorphic image of a ring that almost has stable
range n certainly almost has stable range n, it is not true that R/J(R) almost has stable range n⇒ R almost has stable range
n. For example, if R is any ring that almost has stable range 1 but does not have stable range 1 (such as K [Y ], where K is a
field – see Corollary 14 and the comments following Corollary 10), then J(R[[X]]) = (X,J(R)) is a nonzero ideal of R[[X]],
R[[X]]/J(R[[X]]) ∼= R/J(R) almost has stable range 1, and R[[X]] does not.
Corollary 7. Let R be a ring and n ≥ 1. Then sr(R) = sr(R[X]/(Xn)).
Proof. Follows from Proposition 6 since (X)/(Xn) ⊆ J(R[X]/(Xn)). (We note that the stable range 1 case is already known
in somewhat greater generality. See [9, Corollary 2.15].) 
Corollary 8. A zero-dimensional ring has stable range 1.
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Proof. Passing to R/J(R) via Proposition 6, we reduce the problem to showing that von Neumann regular (i.e., reduced and
zero-dimensional) rings have stable range 1. Assume R is von Neumann regular and a, b ∈ R. We may write a = ue and
b = vf , where u and v are units and e and f are idempotents. Thus (a, b) = (e, f ) = (e+ (1− e)f ) = (a+ (1− e)uv−1b),
and we conclude that R is Bézout with stable range 1. 
We can give an alternate proof of the following result originally shown in [1, Lemma 6.4].
Corollary 9. A semi-quasilocal ring has stable range 1.
Proof. If R is semi-quasilocal with maximal idealsM1, . . . ,Mn, then J(R) = M1 · · ·Mn and R/J(R) ∼= R/M1 × · · · × R/Mn
is von Neumann regular. 
For a ring R and a set of analytically independent indeterminates {Xλ}λ∈Λ, there are multiple ways of defining the ring
‘‘R[[{Xλ}]]’’ that coincide with the familiar definition when Λ is finite. The three most common are labeled R[[{Xλ}]]i for
i = 1, 2, 3, and recently an i = 4 variant has been added. We refer to [4, Section 1] and [3] for more details.
Corollary 10. Let R be a ring and {Xλ}λ∈Λ be a set of analytically independent indeterminates. Then sr(R) = sr(R[[{Xλ}]]i) for
i = 1, 2, 3, 4.
Proof. Since J(R[[{Xλ}]]i) = ({Xλ},J(R)), we have R[[{Xλ}]]i/J(R[[{Xλ}]]i) ∼= R/J(R), and the result follows from
Proposition 6. (We note that the stable range 1 case for R[[X]] is a special case of [9, Theorem 2.11].) 
However, we note that R[X] never has stable range 1, since (X + 1, X2) = R[X] but the polynomial X + 1+ X2f is not a
unit for any f ∈ R[X]. (Recall thatni=0 aiX i is a unit if and only if a0 is a unit and ai is nilpotent for i ≥ 1.)
We are now at a point where we can offer an alternate proof of the Stable Range Theorem after first reviewing some
terminology. An ideal I of a ring R is called J-radical if it is an intersection of maximal ideals, or, equivalently, if R/I has zero
Jacobson radical. We note that Proposition 6 implies that a ring R almost has stable range n if and only if sr(R/I) ≤ n for
each nonzero J-radical ideal I . We call R J-Noetherian if it satisfies the ascending chain condition on J-radical ideals. The
J-dimension of R, written dimJ(R), is the supremum of the lengths of the properly ascending chains P0 ( P1 ( · · · ( Pn
of prime J-radical ideals of R. Noetherian⇒ ascending chain condition on radical ideals⇒ J-Noetherian, and the second
implication reverses for Hilbert rings. We have dimJ(R) ≤ dim(R), and equality holds if R is a Hilbert ring. The notions
of ‘‘J-dimension’’ and ‘‘J-Noetherian’’ can be given topological characterizations: the J-dimension of R is the combinatorial
dimension of its maximal ideal space, and R is J-Noetherian if and only if its maximal ideal space is Noetherian. Bass [1] has
shown that, if R is J-Noetherian, then sr(R) ≤ dimJ(R)+ 1. This result has become known as the Stable Range Theorem. We
can slightly sharpen it for the special case of integral domains with zero Jacobson radical.
Theorem 11. Let D be a J-Noetherian integral domain with zero Jacobson radical and 1 ≤ dimJ(D) = n < ∞. Then D almost
has stable range n.
Proof. By contradiction. Suppose thatD has a nonzero proper J-radical ideal P with sr(D/P) > n. The ascending chain condi-
tion on J-radical ideals allows us to pick P maximal among such J-radical ideals.We claim that P is prime. If not, thenD/P has
zero divisors and therefore does not even almost have stable range n. SoDhas a J-radical ideal Iwith P ( I ( D and sr(D/I) =
sr((D/P)/(I/P)) > n, contradicting the maximality of P . Thus D/P is a J-Noetherian domain with zero Jacobson radical and
J-dimension at most n− 1. If n = 1, then D/P is a field and certainly has stable range 1, a contradiction. On the other hand,
if n ≥ 2, then D/P almost has stable range n− 1 by induction, hence has stable range at most n, a contradiction. 
We note that in Theorem 11 we still get sr(D) ≤ dimJ(D)+ 1 even if we allow the J-dimension to be zero or infinite.
Example 12. We give some examples related to Theorem 11.
1. (The condition that D is a domain cannot be dropped from Theorem 11.) If R is any Artinian ring that is not a field, then
R[X] is a one-dimensional Noetherian Hilbert ring that does not almost have stable range 1.
2. (The condition that J(D) = (0) cannot be omitted from Theorem 11.) Let D be a domain with quotient field K , and let
R = D+ XK [[X]]. Noting that XK [[X]] ⊆ J(R) and R/XK [[X]] ∼= D, we obtain sr(R) = sr(D). It can further be shown that
the maximal ideal space of R is homeomorphic to that of D. Taking D to be J-Noetherian with finite J-dimension n ≥ 1
and sr(D) = n+ 1 (for example, we could take D to be any PID like Z that has stable range 2, or we could take D = F [Y ],
where F is a field), we see that R is J-Noetherian with dimJ(R) = n, but R does not almost have stable range n.
3. (Theorem 11’s upper bound n+ 1 on the stable range of D can be achieved.) Let R = K [X1, . . . , Xn], where K is a subfield
of R. Then R is an n-dimensional Noetherian Hilbert domain, and J(R) = (0). By Theorem 11 we conclude that R almost
has stable range n, so sr(R) ≤ n+ 1. We get sr(R) ≥ n+ 1 by [8, Theorem 8], so sr(R) = n+ 1.
4. (For each n ≥ 1, there is aD as in Theorem 11with sr(D) = 1.) Heinzer [5] has constructed a J-Noetherian Bézout domain
R with stable range 1 and a unique height-1 prime P . Furthermore, the nonzero prime ideals are J-radical and R has
J-dimension n. Taking D = R/P , we see that D is an n-dimensional J-Noetherian Hilbert Bézout domain with stable range
1, and J(D) = (0).
Now we give the promised alternate proof of the Stable Range Theorem.
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Corollary 13 (Stable Range Theorem). Let R be a J-Noetherian ring. Then sr(R) ≤ dimJ(R)+ 1.
Proof. By contradiction. Suppose not. Then dimJ(R) is finite, say dimJ(R) = n. By Theorem 11, we conclude that R is not a
domain, so it does not even almost have stable range n + 1. As in the proof of Theorem 11, the ring R has a nonzero prime
J-radical ideal P with sr(R/P) > n+ 1. But R/P is a J-Noetherian domain with zero Jacobson radical, so by Theorem 11 we
have sr(R/P) ≤ dimJ(R/P)+ 1 ≤ n+ 1, a contradiction. 
Corollary 14. For 1 ≤ n <∞, an n-dimensional J-Noetherian domain almost has stable range n.
Proof. Let D be an n-dimensional J-Noetherian domain. The case J(D) = (0) is immediate from Theorem 11, while, if
J(D) ≠ (0), then dimJ(D) ≤ n− 1 and sr(D) ≤ n by Corollary 13. 
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